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Pseudo-local Theories: A Functional Class Proposal
Massimo Taronna∗
Universite´ Libre de Bruxelles,
ULB-Campus Plaine C.P. 231, B-1050 Bruxelles, Belgium
massimo.taronna@ulb.ac.de
In this article, using the language of jet space, we propose a functional class space
for pseudo-local functionals. We test this functional class proposal in a number
of examples ranging from string-field-theory to AdS/CFT dualities. Implications
of the locality proposal at the quartic order are also discussed.
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1. Introduction
Locality is a fundamental concept in physics. In general terms, it is related to a
classical space-time description which should emerge in the semiclassical limit of
quantum gravity. Locality plays also a key role in quantum field theory and its
interrelations with analyticity and unitarity at the S-matrix level have been the
subject of many studies.1 In the holographic context the challenge is to reconstruct
the bulk physics from the boundary CFT observables and in particular their analyt-
icity and singularity properties.2–5 Nonetheless, from the perspective of quantum
gravity in the bulk one expects the local semiclassical description to break down for
energies high enough.
In the string theory context the scales at play are the Planck length lp and
the string length ls. So one expects to recover a semiclassical local space-time
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2 Massimo Taronna
description for length scales L such thata lp  ls  L. At energy scales large enough
to probe the string length one can indeed excite macroscopic strings and their effect
should be taken into account by the theory without breaking unitarity and causality.
String scattering amplitudes for instance, predict a whole tail of corrections to the
semiclassical point-particle approximation which become relevant at length scales
comparable with the string-length6–10 L ∼ ls. This translates in an effective pseudo-
local form of string interactions which involve derivatives of arbitrary order. This
is a key ingredient for the soft behaviour of high energy scattering amplitudes in
string theory. Therefore, already string cubic (off-shell) vertices are pseudo-local
functionals expressed as formal series of the following type:
V ∼
∞∑
l1,l2,l3=0
cl1,l2,l3(α
′∇)l1Φ1(α′∇)l2Φ2(α′∇)l3Φ3 . (1)
To appreciate this features more closely various high energy limits are usu-
ally studied probing different kinematic regions of string scattering. One is the
high-energy and fixed momentum transfer limit: s → ∞ at t fixed (fixed impact
parameter) and the second is the s → ∞ limit at ts fixed (fixed angle scattering).
The main question to address in this limits is to understand which among string
effects or gravitational effects dominate. Remarkably both limits show asymptotic
behaviours which are quite far from those of a local field theory. The s → ∞ at
fixed t behaviour of the graviton amplitude is given (in α′ = 12 units) by:
6,9,10
A ∼ g2s
Γ(− t8 )
Γ(1 + t8 )
s2+
t
4 e−
t
4 , (2)
which should be compared with the pure gravity result A ∼ s2t and differs from it
by an effective form factor. The s → ∞ at fixed angle scattering, which is a truly
short distance limit of the theory due to t→∞, gives similarly:
A ∼ g
2
s
(stu)3
e−
1
4 (s log s+t log t+u log u) . (3)
The exponentially suppressed behaviour above was argued to be related to a viola-
tion of polynomial boundedness of the amplitude.7 At length scales L ∼ ls or L < ls
one thus expects a break-down of usual effective-field theory locality, as the whole
infinite higher-derivative tail (1) present in the interactions becomes relevant.11–17
Locality may then be reconsidered or generalised. Most importantly a key question
that should be addressed in this context, if one insists in a higher-spin theory de-
scription of string theory, is which pseudo-local field redefinitions are admissible, if
any. In other words, we should be able to specify a functional class of admissible
pseudo-local functionals.
aRecall the relation between Planck length, string length and string coupling constant
g2s ∼
(
lp
ls
) d−2
2
.
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This questions are even more relevant in the tensionless limit of string theory:
ls ∼
√
α′ → ∞. Higher-spin theories are conjectured to effectively describe such
limits of quantum gravity18,19 in AdS space-time and they turn out to be naturally
pseudo-local.20–22 The higher-spin algebra mixes indeed derivatives of arbitrary
orders into higher-spin multiplets and requires infinitely many HS fields as well.
HS vertex themselves have a number of derivatives bounded from below by the
highest spin involved into the interaction.20,23–28 On top of this one should carefully
take into account the infinite sums over spins that accompany and infinite higher-
derivative contributions. There should be in fact a close relation between higher-
spin exchanges in the direct channel and higher-derivatives contributions in cross
channels. Crossing requires the latter to reconstruct the former and vice-versa. This
may also play a key role in defining a tensionless limit in string theory where all
poles in Virasoro amplitude degenerate to a single massless poleb. Similar issues
may as well arise in curved backgrounds but the status in this case is not as clear
due to the luck of an handy formulation of string theory.
Here, we will try and address this questions in simple examples ranging from
bosonic string cubic interactions to conserved currents in AdS space. We also anal-
yse some of the consequences of our discussion at the quartic order and in the
AdS/CFT context making use of Mellin amplitudes techniques.
This article is organised as follows. In Section 2, we introduce the main concepts
to deal with locality in a field theory framework. In particular, we introduce the
concept of jet space and inverse limit to define pseudo-local interactions. In Section 3
we apply the logic discussed in Section 2 to various examples ranging from string
theory to conserved currents in AdS3 and AdS4. In Section 4 we summarise some
results available on the CFT side and discuss locality in this framework. The
conclusions are summarised in Section 5.
2. Pseudo-Locality and Inverse Limit
The goal of this paper is to study a framework that would allow to treat the problem
of locality in the context of field theories with infinitely many derivatives. This
is a difficult problem and here we will summarise and push forward some ideas
recently appeared in the literature.30,31 For definiteness, we shall be interested in
the analysis of Noether current interactions at the equations of motion level. We
shall comment on the extensions and implications of this analysis to higher orders
in some examples. In this section we introduce the main ideas.
Jet space: The standard tool to address locality in field theory is jet space. Given
a set of fields φI(x), which are usually tensors on some tensor bundle pi : E → M ,
the central idea is to promote them, together with all of their derivatives of arbitrary
bSome recent results on conformal higher-spin theories around flat space appeared recently.29
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order, to new independent coordinates. Using the notation:
[φ(x)]k =
{
CI(x), CIµ(x), . . . , C
I
µ(k)(x)
}
=
{
φI(x), ∂µφ
I(x), . . . , ∂µ(k)φ
I(x)
}
, (4)
one first defines the space V k of local functionals of order-k. This is the space whose
coordinates are given by [φ]k:
V k =
{
[φ(x)]k
∣∣ φ(x) : M → E} . (5)
Then, one defines the jet space of order k as Jk = M × V k. The jet space of order
zero coincides with the original fibre bundle E. Each section on E induces a section
over Jk(E) through the identification CIµ(k) ∼ ∂kφI . We thus have a sequence Jk
of topological spaces. Furthermore, the projection maps pik,l (k > l) defined as:
pik,l([φ]k) = [φ]l , (6)
are smooth fibre bundles.
A sequence of topological spaces as above endowed with maps pik,k−1:
· · · −→ Jk+1 pik+1,k−−−−→ Jk −→ · · · −→ J1 pi1,0−−→ E pi−→M , (7)
such that:
pii,j ◦ pij,k = pii,k , ∀i > j > k , (8)
is called in mathematical terms an inverse sequence and it defines the infinite jet
space J∞ as the following commutative diagram:32
. (9)
The above is unique and universal when it exists.
For later convenience it is also useful to introduce the space of quadratic func-
tions Qk over J
∞ with at most k derivatives. This will be the natural space where
to study Noether currents. The space Qk is simply obtained by decomposing the
tensor products of two jets and considering the corresponding linear vector space.
A choice of basis for Qk is for instance:
[φ× φ]k =
{
CIµ(m)(x)C
J
ν(n)(x)
}
m+n≤k
, (10)
which allows again to define continuous pik,l maps as:
pik,l([φ× φ]k) = [φ× φ]l . (11)
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One can then proceed to define the limiting space Q∞ of quadratic functionals of
infinite order in derivatives. The space Q∞ is the main object we aim to study in
this article. Elements j ∈ Q∞ can be defined starting from the following formal
series:
j˜µ(s) =
∑
n,m
(fJK)µ(s)
ν(n),ρ(m) CJν(m)(x)C
K
ρ(n)(x) , (12)
where the tilde j˜ notation is meant to stress that the corresponding object one starts
with is a formal series. Here, (fJK)µ(s)
ν(n),ρ(m) are structure constants parametris-
ing the decomposition of the tensor product of two jets. The maps pi∞,k are then
defined as:
pi∞,k(j˜µ(s)) =
∑
m+n≤k
(fJK)µ(s)
ν(n),ρ(m) CJν(m)(x)C
K
ρ(n)(x) , (13)
so that the actual definition of j ∈ Q∞, from (12), is the following limit:
jµ(s) = lim
k→∞
pi∞,k(j˜µ(s)) . (14)
If the above limit exists the inverse-limit construction guarantees its uniqueness.
So far we have introduced the off-shell jet space space J∞ on which we have
defined quadratic functionals Q∞. One can also define an on-shell jet space often
called in the literature stationary surface Σ∞ ⊂ J∞. Given some equations of
motion LI([φ]) = 0, all of their higher-derivative consequences [LI([φ])] = 0 define
an algebraic equation on J∞. One first defines:
Σk =
{
[φ]k ∈ Jk ∣∣ [LI([φ])]k = 0} ⊂ Jk , (15)
as the subspace of the order-k jet Jk defined by the equations [LI([φ])]k = 0. One
then take the limit k → ∞. In terms of the tensorial coordinates which define the
off-shell jet, the stationary surface becomes an algebraic condition which amounts to
some irreducibility projection for the original tensorial coordinates. For instance, in
the case of a scalar on Minkowski space, the irreducibility condition simply amounts
to a tracelessness condition:
[φ(x)]k ≈ {C(x), Cµ(x), . . . , Cµ(k)(x)} , Cννµ(k−2) = 0 . (16)
In the presence of gauge symmetries it is also important to take into account that
not all equations of motion LI([φ]) are independent. As a consequence of gauge
symmetries the equations should satisfy some relations which are called Noether or
Bianchi identities:
[BI([L])] = 0 . (17)
They parametrise all redundancies among the equations LI([φ]) themselves and all
higher-derivative consequences thereof [LI([φ])]. In the following we shall use the
week equality symbol ≈ whenever an equality is assumed to hold on the stationary
surface. Furthermore, given the stationary surface defined by the linear equations
of motion: Σ∞, one can consider the on-shell space Q¯∞ of quadratic functionals
defined on such stationary surface Q¯∞ ≈ Q∞.
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Unfolding and Jet Space Unfolded equations acquire a natural interpretation
from the point of view of jet space.33–36 One can indeed consider a decomposition
of J∞ into modules of the rigid symmetry algebra of the background. Geometry of
the jet bundle is then encoded into appropriate nilpotent form-degree one covariant
derivatives D, D2 = 0. The linear dynamical equations take the form of covariant
constancy conditions:
DCA = (d− ωabLˆab − haPˆa)CA = 0 , (18)
directly in terms of the stationary surface variables (15). For ease of notation, and
to be more uniform with the literature on the unfolded formalism, we have renamed
the jet variables as CA = [φ].
In the unfolded language one identifies the stationary surface coordinates at the
linear level with 0-forms, owing to their covariance under rigid transformations. On
the other hand, the gauge dependent components can be introduced as connections
gauging the (HS-)global symmetries. This generalise the spin-connection ωab and
the vielbein ha in the gravity case.37–39 HS connections ωA transform in a different
module of the isometry group and their gauge dependence is naturally encoded into
the following gauge transformations:
δωA = DA . (19)
Above A is a gauge-symmetry parameter. The module in which it transforms
defines the adjoint module of the HS algebra.
To summarise, the unfolding formalism relies on a reformulation of the dynamics
directly in terms of the stationary surface coordinates. These are decomposed in
gauge-dependent and gauge-covariant components transforming as modules under
the (HS) rigid symmetries of the theory. In the following we will mostly concentrate
our attention on gauge-invariant current interactions which are build out of 0-forms
only.
The “current” interaction problem: At the equations of motion level we con-
sider HS-currents jµ(s)(C,C) ∈ Q¯∞ as quadratic sources to linear HS equations:
Fµ(s)(φ) ≡ (∇µ∇µ −m2)φµ(s) + . . . = jµ(s)(C,C) . (20)
Depending on the eventual Bianchi identitiesc:
B(Fµ(s)) = 0 , (22)
satisfied by the kinetic operator, the current should also satisfy analogous compat-
ibility conditions:
B(jµ(s)(C,C)) ≈ 0 . (23)
cFor instance the Bianchi identity satisfied by the Fronsdal operator on AdS is:
∇µ
(
Fµ(s) −
1
2
gµ(2)F ′µ(s−2)
)
= 0 . (21)
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where the stationary surface is defined by the linear equations of motions for the
jet C. In the standard examples of massless fields the compatibility condition is
conservation. In addition, non-trivial current interactions are naturally defined as
equivalence classes:
jµ(s)(C,C) ∼ jµ(s)(C,C) + Fµ(s)(I(C,C)) . (24)
Here I(C,C) ∈ Q¯∞ parametrises the most general (admissible) redefinition of the
field φµ(s) quadratic in the jet C:
φµ(s) → φµ(s) + Iµ(s)(C,C) . (25)
Notice that the eventual Bianchi identities of the kinetic operator ensure that
Fµ(s)(I(φ, φ)) is an off-shell compatible current. Such currents are usually referred
to in the physics literature as improvements and parametrise the freedom in choos-
ing different field frames of the theory.
To summarise, current interactions are defined by the following “cohomological”
problem:
B(jµ(s)(C,C)) ≈ 0 , jµ(s) ∼ jµ(s) + Fµ(s)(I(C,C)) , (26)
where with a small abuse of notation we include also the s = 0 case where the
current degenerates to a scalar bilinear. In standard situations one restricts the
above problem to local functionals: jµ(s)(C,C) , Iµ(s)(C,C) ∈ Q¯k≤∞. A standard
example of non-trivial current interaction is then given by the standard electromag-
netic current jµ = iφ
∗↔∂φ or the stress tensor, which encodes the backreaction of the
scalar on the gravitational sector. Generalisations of these currents are known also
for HS and follow from the Metsaev classification in flat space24 and generalisations
thereof to AdS space.25–27,40
From local to non-local: Given the setting described here-above, the main prob-
lem to address in a theory involving couplings with infinitely many derivatives like
string theory or Vasiliev’s equations is to characterise the most general admissible
field redefinitions Iµ(s)(C,C) ∈ Q˜∞, beyond the strict locality condition.
Redefinitions of this type are indeed unavoidable if one wants to bring string-
field theory interactions to their canonical Metsaev frame. Enlarging the functional
space can however have undesired consequences like for instance the loss of any non-
trivial solution. It has been already observed some time ago, for the stress tensor,41
and proved more recently in general,21,22,31 that allowing arbitrary pseudo-local
redefinitions in maximally symmetric backgrounds erases the difference between
non-trivial local currents and improvements. The prototypical example of such a
scenario is a system of equations of the type:
(−m2)Ψ(x) = Φ2(x) , (27a)
(− m˜2)Φ(x) = 0 . (27b)
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In this case:
• Any local redefinition of Ψ quadratic in Φ will contribute with interaction
terms involving at least two derivatives. Hence the interaction term Φ2 is
a non-trivial interaction when restricting the functional space to Q¯k<∞.
• Any term of the type Cµ(s)Cµ(s) which can be inserted on the right-hand
side of (27a) admits a completion to a local improvement of the type
Cµ(s)C
µ(s) − CsΦ2 , (28)
where the coefficient depends on the mass m of Ψ.
• Allowing I ∈ Q∞ one can find a trivial representative also for the Φ2
current:
I = 1−m2 Φ
2 = − 1
m2
∞∑
i=0
(

m2
)i
Φ2 ∈ Q∞ . (29)
What we have described above in a simple example is a generic feature for current
interactions whenever the theory involves some mass parameter. In particular, one
can show in various relevant cases on both AdS and flat space21,22,31 that:
B(jµ(s)(C,C)) ≈ 0 , =⇒ jµ(s) = Fµ(s)(I(C,C)) , (30)
with
jµ(s)(C,C) ∈ Q¯∞ , I(C,C) ∈ Q¯∞ , (31)
The above statement also extends to massive fields on flat spaced.
A consequence of the above statement is that in a large class of theories, in-
cluding string theory and Vasiliev’s equations, any solution to the conservation
condition:
B(jµ(s)(C,C)) ≈ 0 , (32)
can be written as an infinite sum of local conserved currents. By definition:
Iµ(s)(C,C) ∈ Q¯∞
=⇒ Iµ(s)(C,C) =
∑
n,m
(fJK)µ(s)
ν(n),ρ(m) CJν(m)(x)C
K
ρ(n)(x) . (33)
and one easily concludes that
jµ(s) = Fµ(s)
(∑
n,m
(fJK)µ(s)
ν(n),ρ(m) CJν(m)(x)C
K
ρ(n)(x)
)
=
∑
n,m
Fµ(s)
(
(fJK)µ(s)
ν(n),ρ(m) CJν(m)(x)C
K
ρ(n)(x)
)
︸ ︷︷ ︸
∈ Q¯m+n+2
. (34)
The above statement is a key step in the analysis of conserved currents in Q¯∞. It
shows that there is no intrinsically pseudo-local conserved current which cannot be
dFor massless fields in flat space the above does not apply since 1 /∈ Q∞
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written as sum of local conserved currents. Hence, this result ensures the existence of
a basis of local currents for the subspace C∞ = {j ∈ Q¯∞
∣∣B(j) ≈ 0}. Furthermore,
this property ensures that starting from Ck = {j ∈ Q¯k
∣∣B(j) ≈ 0} there exist
continuous maps:
pi∞,k : C∞ → Ck , s.t. ∀j ∈ C∞ , pik(j) ∈ Ck . (35)
The maps pi∞,k can be chosen such that:
pi∞,k
(
Cµ(m)Cν(n)
)
=
{
Cµ(m)Cν(n) if n+m ≤ k
0 if n+m > k
, (36)
which is the natural definition induced by the corresponding one for the scalar jet
vector C, upon taking its tensor product with itself.
A Functional Class Proposal: So far we have gathered the needed ingredients
in order to define our functional class proposal. Note that while no non-trivial
current exist in Q¯∞ they do exist in Q¯k. In the following we will call canonical
currents the representatives for the non-trivial currents in Q¯k. Metsaev classification
and its extensions to AdS imply that there always exists a representative with at
most s + s1 + s2 derivatives where s is the spin of the current and s1 and s2 are
the spins of the fields involved. We will refer to the latter representatives as j.
Furthermore for each element j ∈ Ck the following decomposition is unique and well
defined:
∀j ∈ Ck : j = bjj+ Fµ(s)(I(C,C)) , I(C,C) ∈ Q¯k−2 , (37)
and allows to extract the projection of each local current on the non-trivial coho-
mology representatives. Therefore, given j ∈ C∞ one can consider the following
sequence of decompositions:
pi∞,k(j) = b
(j)
k j+ F(I(C,C)) , (38)
which is uniquely defined. Our construction then allows to define the above decom-
position directly in C∞ arriving at:
j = lim
k→∞
pi∞,k(j) =
(
lim
k→∞
b
(j)
k
)
j+ F( lim
k→∞
Ik(C,C)) . (39)
The inverse limit provides in this way a prescription to extract the coefficient of
the local cohomology from any formal element j ∈ C∞. It also provides with
a criterion to study if the inverse limit of a formal element j ∈ C∞ exists. We
conclude this section by defining the space of trivial pseudo-local currents (pseudo-
local improvements) as those elements j ∈ C∞ such that:
lim
k→∞
b
(j)
k = 0 . (40)
For each current j ∈ C∞ with the above property we thus identify a subset of Q¯∞
which is the functional space of allowed pseudo-local redefinitions.
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3. Examples
This section is devoted to few tests and examples of the ideas described in this
article. We first describe the string theory example decomposing the string vertex
according to its canonical and improvement pieces and then move to AdS space.
We also consider the implications of the functional class proposal introduced in the
previous section on the simplest example of φ4 coupling in AdS which has been
subject of recent studies.42,43
3.1. String Theory
The string theory case is one of the most instructive. String theory indeed naturally
produces pseudo-local couplings involving infinitely many derivatives. This feature
can be appreciated by computing the off-shell open string effective-action in the
form:
S =
∫ [
1
2 〈Φ|L0|Φ〉+ . . .
]
+ 〈0| V |Φ〉 ⊗ |Φ〉 ⊗ |Φ〉+O(Φ4) , (41)
with V the string vertex which can be computed at tree-level by standard tech-
niques.11,13,14,44–48 Above the . . . are the required terms which allow to recover the
Virasoro lowest weight condition upon varying the quadratic action and which we
will systematically omit in the following. The equations of motion following from
the above action would then read:
(L0|Φ〉+ . . .) + V |Φ〉 ⊗ |Φ〉+O(Φ3) = 0 . (42)
The vertex V can be easily computed at cubic order and expressed in terms of Neu-
mann coefficients by choosing a simple parametrisation for the coordinates around
the vertex operators insertions: ξi(y) = y − yi. In terms of the Neumann coeffi-
cients one arrives in full generality to the following well-known Gaussian type of
expression:
V = |y12y13y23|〈0| exp
−12 ∑
1≤i<j≤3
0≤n,m≤∞
αµ(i)n N
ij
nm(yij)α
(j)
mµ
 . (43)
Upon computing explicitly the Neumann coefficients for the parametrisation ξi(y) =
y − yi, and restricting the attention for simplicity to the first Regge trajectory
|Φ〉 = 1s! Φµ(s) αµ−1 . . . αµ−1|0〉, one finally arrives to:
V = |y12y13y23| exp
{
3∑
i 6= j
[
−α′∂i ·∂j ln |yij |− i
√
2α′
α
(j)
1 · ∂i
yij
+
α
(i)
1 · α(j)1
y2ij
]}
. (44)
For the first Regge trajectory the quadratic part also simplifies. Therefore, varying
the above action one arrives to equations of motion of the type:
Fµ(s)(Φ) = (− s−1α′ )Φµ(s) + . . . = Jµ(s)(Φ,Φ) , (45)
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where we have dropped again unessential terms for our discussion proportional to
traces and divergences of the fields. We have also considered a gauge fixing of the
Stueckelberg gauge symmetries. The current Jµ(s) can be extracted from (44) and
reads:
J(x, α−1|Φ,Φ) = e−α
′ ln | y12y31y23 |+i
√
α′
2
y12
y23y31
α−1·∂12 (46)
× 12〈0|e+
y12
y23y31
α−1·(α(1)1 +α(2)1 )+i
√
2α′
(
α
(1)
1 ·∂2−α(2)1 ·∂1
)
+α
(1)
1 ·α(2)1
× |y23y31y12 |Φ(x1|α
(1)
−1)Φ(x2|α(2)−1)|0〉12
∣∣∣
x1=x2=x
.
Notice that after varying the action and going on-shell we can use the equations
of motion for the fields Φ1 and Φ2 which from now on will be considered on their
linear mass-shell as in the discussion of Section 2. However, even after going on-
shell at the EoMs level the current still remains pseudo-local. Only a pseudo-local
redefinition would possibly remove the non-localities!
This makes manifest the pseudo-local nature of the string interactions. Impor-
tantly, one also recovers some off-shell ambiguities parametrised by the insertion
positionse yi.
In the following we are going to apply the functional class proposal discussed
in this article to decompose the above currents and identify the corresponding im-
provement and canonical parts.
Decomposition in Canonical plus Improvements: As we have explained
in Section 2 we can achieve a well-defined decomposition of any interaction by a
limiting procedure. In the end this reduces the problem to study a basis of infinitely
many local elements. On the other hand, improvement terms have the generic form:
Fµ(s)(I(Φ,Φ)) = (− s−1α′ )I(Φ,Φ) + . . . , (47)
and by definition satisfy the Bianchi identities of the theory. The limiting procedure
described in Section 2 is here further simplified by the fact that derivatives commute
each other. The improvement decomposition for a spin-s current of the type:
(−m2)Φµ(s) = nΦ∂µ(s)Φ , (48)
is then given by factorising the equations of motion as:
(−m2)Φµ(s) = (m2)nΦ∂µ(s)Φ
+ (−m2)
n∑
i=1
(
n
i
)
(−m2)i−1(m2)n−i Φ∂µ(s)Φ . (49)
Here we have explicitly disentangled the improvement piece. One can then first
expand the string current, perform the above decomposition and resum it. The
eNotice that if we had not fixed the coordinate parametrisation around each insertion position the
string vertex would have explicitly depended on the choice of parametrisation.
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final result is remarkably simple and reads:
J(x, α−1|Φ,Φ) = e−α
′(− Nˆ−1α′ ) ln |
y12
y31y23
|ei
√
α′
2 α−1·∂12 (50)
× 12〈0|eα−1·(α
(1)
1 +α
(2)
1 )+i
√
2α′
(
α
(1)
1 ·∂2−α(2)1 ·∂1
)
+α
(1)
1 ·α(2)1
× Φ(x1|α(1)−1)Φ(x2|α(2)−1)|0〉12
∣∣∣
x1=x2=x
.
The conclusion is then that the canonical current piece is given by:
Jcan.(x, α−1|Φ,Φ) = ei
√
α′
2 α−1·∂12+i
√
2α′
(
α
(1)
1 ·∂2−α(2)1 ·∂1
)
+α
(1)
1 ·α(2)1
× Φ(x1|α(1)−1)Φ(x2|α(2)−1)|0〉12
∣∣∣x1=x2=x
α
(i)
−1=α−1
,
and is local given any triple of spins matching Metsaev’s classification. On the other
hand the improvement current is pseudo-local even for fixed spin and is dressed by
an exponential of :
J Impr.(x, α−1|Φ,Φ) =
(
e−α
′(− Nˆ−1α′ ) ln |
y12
y31y23
| − 1
)
e
i
√
α′
2 α−1·∂12+i
√
2α′
(
α
(1)
1 ·∂2−α(2)1 ·∂1
)
+α
(1)
1 ·α(2)1 Φ(x1|α(1)−1)Φ(x2|α(2)−1)|0〉12
∣∣∣x1=x2=x
α
(i)
−1=α−1
.
For instance, the spin-1 current built out of tachyons reads:
Jµ ∼ e−α
′ ln | y23y31y12 |Φ?
↔
∂µΦ = Φ?
↔
∂µΦ− α′
(
ln | y23y31y12 |
)
 (Φ?
↔
∂µΦ) + . . . . (51)
We conclude this section by stressing that all the dependence on the insertion points,
as well as any dependence on the parametrisation around each insertion, just ap-
pears in the improvement and defines the corresponding field frame on the effective
field theory side. Different choices of parametrisation or insertion positions then just
correspond to different infinite derivative tails for each vertex. The infinite deriva-
tive improvement tail appears from this perspective as a key ingredient to achieve
a string interpretation of the underlying (effective) field theory. We conclude this
section by stressing that the improvement term is an improvement according to the
definition (40). Notice also that any higher-derivative term in eq. (46) contributes
to the canonical component! In particular all of them are needed to achieve the
cancellation of any dependence on the yi in the canonical current sector.
3.2. Scalar Currents in AdS3 and AdS4
The limiting procedure described in Section 2 is more subtle in curved backgrounds
because of the non-commutative nature of covariant derivatives. The first step is
to fix a basis for the jets of the fields. A convenient choice, which is natural in
Vasiliev’s theory is to consider symmetrised and traceless derivatives:
Ca(k)(x) = i
khµa . . . h
µ
a∇µ{k}Φ(x) . (52)
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The above jet components are precisely the field variables entering the unfolded
equations. Furthermore, due to convenient isomorphisms for the isometry algebras
so(2, 2) ∼ sp(2) ⊕ sp(2) and so(3, 2) ∼ sp(4), the above totally symmetric tensors
can be encoded into:
Cα(2k)(x) ∼ (ihµαα∇µ)kΦ(x) , Cα(k)α˙(k)(x) ∼ (ihµαα˙∇µ)kΦ(x) . (53)
Here we have used the standard conventions expressing the vielbein in terms of
Pauli matrices as
hααµ =
1
2z
(1, σ3, σ1)
αα
µ , h
αα˙
µ =
1
2z
(1, σ3, σ1, σ2)
αα˙
µ . (54)
The tracelessness condition becomes in spinorial language a simple consequence
of symmetrisation of the spinorial indices. These are indeed contracted with the
antisymmetric sp(2) invariant tensorf αβ (12 = 1). The spinorial language is also
convenient to express a basis for Q¯∞ as:
jα(2s) = Cα(2s−2k)ν(2l)Cν(2l)α(2k) , (55)
jα(s)α˙(s) = Cα(s−k)ν(l)α˙(s−k)ν˙(l)Cα(k)ν(l)α˙(k)ν˙(l) . (56)
In the following, for ease of notation and simplicity, we will concentrate on a con-
formally coupled scalar because in this case the corresponding HS currents can be
improved to traceless currents:
d = 3 , (+ 34 )Φ(x) = 0 , (57)
d = 4 , (+ 2)Φ(x) = 0 . (58)
The above mass shell conditions are equivalent to the following recursion relations
for the jet variables:
∇Cα(2k) − ihααCα(2k−2) + i2 hγγCγγα(2k) = 0 , (59)
∇Cα(k)α˙(k) − 12 hαα˙Cα(k−1)α˙(k−1) − hγγ˙Cγα(k)γ˙α˙(k) = 0 . (60)
These allow to express covariant derivatives in terms of the other on-shell jet vari-
ables. In the spinorial language the corresponding quadratic equations read:
Fα(2s) = [− s(s− 2)]φα(2s) + . . . = jα(2s) , (61)
Fα(s)α˙(s) = [− (s− 2)(s+ 1)]φα(s)α˙(s) + . . . = jα(s)α˙(s) . (62)
The assumption of a conformally coupled scalar simplifies also the current conser-
vation condition which usually involves both the current and its trace. In our case
the conservation conditions for currents sourcing the Fronsdal tensor read as usual:
∇ββjββα(2s−2) ≈ 0 , (63)
∇ββ˙jβα(s−1)β˙α˙(s−1) ≈ 0 , (64)
respectively in 3 and 4 dimensions. The conservation condition can be solved in
general21,22,31,41,49–51 and admits the following solution in the space Q¯∞ of pseudo-
local currents.
fIn the sp(2) language we raise and lower indices as Aα = αβAβ and Aα = A
ββα.
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3d: In 3d the solution to current conservation reads:
jα(2s) =
∞∑
l=0
αl j
(l)
α(2s) , (65)
expressed in terms of the following local basis of independently conserved currents:
j
(2l)
α(2s) =
(−1)l
(2l)!(2s)!
s∑
k=0
(−1)k
(
2s
2k
)
Cα(2s−2k)ν(2l)(x)C
ν(2l)
α(2k)(x) , (66)
j
(2l+1)
α(2s) = i
(−1)l
(2l + 1)!(2s)!
s−1∑
k=0
(−1)k+1
(
2s
2k + 1
)
Cα(2s−2k−1)ν(2l+1)(x)C
ν(2l+1)
α(2k+1)(x) .
(67)
4d: In 4d the solution to current conservation reads:
jα(s)α˙(s) =
∞∑
l=0
αl j
(l)
α(s)α˙(s) , (68)
expressed in terms of the following local basis of independently conserved currents:
j
(l)
α(s)α˙(s) = (−1)l
1
(l!)2(s!)2
s∑
k=0
(−1)k
(
s
k
)2
Cα(s−k)ν(l)α˙(s−k)ν˙(l)(x)Cα(k)
ν(l)
α˙(k)
ν˙(l)(x) .
(69)
As anticipated, any pseudo-local conserved current j ∈ Q∞ can be written
as (infinite) sum of local conserved currents. Therefore, the above result shows
explicitly that for any current j ∈ Q∞ such that ∇ · j = 0 then j ∈ C∞. The above
is just a convenient choice of basis for each Ck which is also convenient to study the
action of the pi∞,k-maps (36).
Decomposition in canonical plus improvements: The decomposition de-
scribed in Section 2 amounts in the AdS case to a decomposition in improvement
and canonical part for each element of the basis introduced above. Given any el-
ement of C∞ one can indeed first decompose it in this basis. One then finds the
corresponding decomposition of the associated local truncations simply from the
decomposition of the basis elements.
By using the explicit form of the Fronsdal operator in spinorial notation it is
possible to find the most general form of a local traceless improvement.31 They
read in terms of the basis introduced above:
I(l)s = j(l−1)s − C(s)l j(0)s . (70)
The coefficients C
(s)
l read in 3d:
C
(s)
l = (−1)l
s (2s+ l)!
(2s)!(l + 1)!
[
2 (l + s) 2F1(1, l + 2s+ 1; l + 2;−1)− l − 1
]
+ 4−s(l + s) , (71)
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and in 4d:
C
(s)
l = −
(−1)l
2(2s− 1)
(l + s)!
s!(s− 1)!Γ(1 + l − s) 3F2
(
1− s 1− s − 2s
2− 2s 1 + l − s ; 1
)
. (72)
Their asymptotic behaviour for l→∞ is:
C
(s)
l ∼ l2s−1 , d = 3 , (73a)
C
(s)
l ∼ l2s , d = 4 . (73b)
Notice that in the scalar case under consideration there is one local cohomology
and one can choose a representative for it given precisely by j
(0)
s . The coefficient
C
(s)
l is precisely the cohomology coefficient of the decomposition of each j
(l)
s . The
above spin-dependent behaviour shows a key difference among the flat and the AdS
examples. In the latter the non-commutative nature of covariant derivatives shows
a factorially growing behaviour for the contribution to the canonical current sector
of the higher-derivative terms.
In this setting one can also compute the decomposition into canonical and im-
provement pieces of any element in C∞ from:
pi∞,s+k(js) =
k∑
l=0
αl j
(l)
s =
(
k∑
l=0
αl C
(s)
l+1
)
︸ ︷︷ ︸
bk
j(0)s + Impr. , (74)
and taking the limit:
b = lim
k→∞
bk =
∞∑
l=0
αl C
(s)
l+1 . (75)
The existence and the result of the above limit allows to define accordingly well-
defined pseudo-local currents (when the limit exists) and Improvements (when the
limit exists and is zero).
Witten diagram computation in 3d and holographic checks of the func-
tional class proposal: The simplest check of the functional class criterion
proposed above is the holographic check.31 One can indeed compute the Witten
diagrams associated to the higher-derivative terms forming a basis for C∞. The 3d
computation can be done by standard techniques31,52–56 and reads:∫
AdS3
φα(2s)j
(l)
α(2s) = pi C
(s)
l+1
(
−1
4
)s
(s− 1)!
|x12|
(
x+12
x+13x
+
23
)s
. (76)
where the C
(s)
l coincide with the coefficients given in eq. (71). Therefore, the Witten
diagram computation leads to the same functional class criterion proposed in this
note. This result also shows that our criterion for the functional class in HS theory
gives a prescription for a proper set of non-local redefinitions that do not affect the
computation of AdS/CFT observables (Witten diagrams).
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Furthermore, from the AdS/CFT perspective a key aspect of the above com-
putation that should be stressed is that the result of the Witten diagram for a
pseudo-local interaction follows from (76) upon commuting the infinite sum over
derivatives and the integral over AdS space. The locality criterion proposed in
this paper turns out to be equivalent to the condition that the infinite sum over
derivatives commutes with the integral over AdS-space.
3.3. φ4 couplings: an argument using cubic locality
Before concluding we would like to try and push our analysis to the simplest cubic
coupling at the EoMs level: the one involving three scalar fields as sources to the
scalar EoMs. This coupling has been recently subject of investigations.42,43 Let
us stress that the analysis described here is preliminary and it is presented as an
example of how similar issues as those described at cubic level are expected to
manifest at higher orders.
In more details, in a theory of scalars there are infinitely many non-trivial cubic
sources which can be written down. A simple way to perform the counting is to
count inequivalent combinations of Mandelstam variables in flat space. One can
then use the condition s + t + u = const. to reduce the number of independent
structures to:
sntm , n ≥ m, (77)
where bose symmetry has been used to obtain the inequality. Back to coordinate
space, the above basis can be conveniently recast into the following basis:
V(s,l)4 = Cα(s)α˙(s)j(l)α(s)α˙(s) , s = 2n, n ≥ l ≥ 0 , n, l ∈ N . (78)
We stress again that the above should be considered as a basis for the cubic scalar
sources to the scalar field equations.
On the other hand, coupling the scalar to a tower of HS fields:
Fα(s)α˙(s)(φs) = j(0)α(s)α˙(s) , (79a)
(+ 2)Φ(x) =
∞∑
s=0
φα(s)α˙(s)C
α(s)α˙(s) +
∑
s,l
αs,l j
(l)
α(s)α˙(s) C
α(s)α˙(s) , (79b)
entangles the quartic self interaction of the scalar with the cubic interactions studied
in the previous sectiong. At this order any redefinition of the type studied at the
cubic level would induce a cubic scalar interaction of the type in eq. (78). We then
conclude that at the quartic order the interactions in (78) can be removed up to
gAbove we have also introduced an auxiliary scalar φ0 with mass m2 and corresponding interac-
tions with the original scalar Φ on which j depends upon. Although this additional scalar is not
present in Vasiliev’s equation φ0 can be decoupled in the limit m2 →∞. Introducing this auxiliary
scalar is convenient at the perturbative level to argue about locality of quartic interactions.
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a suitable choice of improvement interactionsh. These would be generated by the
redefinition removing the quartic contact terms and would still contribute to the
quartic exchange amplitude.42,57
We can then reiterate the whole philosophy of this note applying it to the sum
over s and l in (78). We first truncate both s and l to finite values and remove
the corresponding local interactions by a corresponding redefinition. At the end we
take the limit s, l→∞.
Since we are interested in the analysis of redundant basis for the quartic inter-
action we drop the inequality n ≥ l ≥ 0. In this way, starting from (79) we generate
a pseudo-local cubic theory whose equations of motion read:
Fα(s)α˙(s)(φs) = j˜α(s)α˙(s)(Φ,Φ) , (80a)
(+ 2)Φ(x) =
∞∑
s=0
φα(s)α˙(s)C
α(s)α˙(s) , (80b)
j˜α(s)α˙(s)(Φ,Φ) ≡ j(0)α(s)α˙(s)(Φ,Φ)−
∞∑
l=0
αs,l Fα(s)α˙(s)
(
j(l)s (Φ,Φ)
)
, (80c)
It is then natural to require that the latter pseudo-local expression satisfies our
locality proposal in the limit s, l → ∞i. Making use of the explicit form of the
Fα(s)α˙(s) operator one can express the current j˜s in the basis (68) obtaining for
d = 4 the following coefficients:
α˜
(s)
l = δl,0 −
1
4(s− 1)
[
l2αs,l−2 + αs,l−1
(
2ls+ 2(l + 1)2 + s2
)
+ αs,l(l + s+ 2)
2
]
,
(81)
On can then argue that the coefficients in a cubic scalar source will be compatible
with the definition of locality given in this note iff:
∞∑
l=0
α˜
(s)
l C
(s)
l = 1 , (82)
which is trivially satisfied for local interactions but quite non-trivial for pseudo-local
ones. As an example of non-local interaction the following choice of coefficients:
αs,l =
1
ln
, n ≥ 1 , (83)
hThis is not strictly true in the presence of quadratic spin-s sources to the scalar equations.
However, we believe this subtlety to not invalidate our argument about locality since locality of a
quartic vertex should not be influenced by the addition of other cubic interactions. Furthermore,
considering a formal expansion parameter λ weighting the redefinition, the contribution to the
quartic vertex generated by a quadratic spin-s source will be order λ2 and hence subleading in the
λ→ 0 limit.
iA subtlety of this reasoning is that one may as well conclude that it is not possible to move
the quartic non-local interaction to the cubic order. However, since this is possible for any local
truncation thereof and for any local coupling in general, this would indicate a problem for the
existence of the corresponding pseudo-local limit. In this note we argue that this behavior may be
considered as a sign of non-locality of the quartic interaction.
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gives a non-local quartic interaction for any value of n. When the series in (82) is
convergent but (82) is not satisfied, it is possible to “improve” the coefficients to
make (82) satisfied by employing the exact representation for canonical currents:31
α∆s,l = ∆(−1)l(2l + s+ 2)
(
l!
(l + s+ 1)!
)2
, (84)
which gives
α˜s,l = (∆ + 1)δl,0 . (85)
However, this is not possible when the series is divergent which happens when
n ≤ 2s+ 4. We thus get the generic necessary but non sufficient condition:
αs,l ≺ 1
l2s+4
. (86)
The above results are argued to extend our locality condition at quartic or-
der31,43 and show new subtleties which may arise in discussing quartic locality.
Remarkably, it seems a generic feature of pseudo-local quartic interaction to not be
compatible with (82) even when the series in (82) convergesj. Notice that the basis
(68) includes factorial damping coefficients which do not suffice to ensure locality of
any (convergent) infinite combination thereof. In view of these results it would be
desirable to have a better understanding of the locality properties of quartic vertices
appearing in HS theory.
Sum over spins vs. sum over derivatives: An interesting interplay between
sum over derivatives and sum over spins can be appreciated by expanding eq. (78)
as:
Vs,l =
∑
k+q=s
(−1)l+q+k
(l!)2(k)!2(q!)2
Cα(k)α(q)α˙(k)α˙(q)Cα(k)ν(l)α˙(k)ν˙(l)Cα(q)
ν(l)
α˙(q)
ν˙(l) . (87)
One can then rewrite the same basis elements as:
Vs,l =
∑
k+q=s
(−1)k
(k)!2
Cα(q)ν(l)α˙(q)ν˙(l)
[
(−1)q+l 1
q!2l!2
Cα(k)α(q)
α˙(k)
α˙(q)Cα(k)ν(l)α˙(k)ν˙(l)
]
=
∑
k+q=s
Cα(q+l)α˙(q+l)I
(k)
α(q+l)α˙(q+l) . (88)
The latter cubic source can then be redefined by a redefinition of the spin-(q + l)
field analogously as in the discussion here-above. The only difference is that the
corresponding redefinition will in this case generate also tracefull improvements at
the cubic order. Dropping those,31 one can still argue some condition for locality
jSimilar features have been also appreciated in flat space.57,58
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projecting everything on the canonical current sector. This time one can work at
fixed q + l obtaining a necessary condition for the s → ∞ limit of the coefficients
αs,l. In general, given the following redundant manifestly cyclic basis:
V =
∑
k,l,q
αk,l,q(−1)l+q+k
(l!)2(k)!2(q!)2
Cα(k)α(q)α˙(k)α˙(q)Cα(k)ν(l)α˙(k)ν˙(l)Cα(q)
ν(l)
α˙(q)
ν˙(l) , (89)
we obtain that the corresponding infinite set of coefficients can be improved to
local coefficients as discussed above whenever the following convergence behaviour
is verified:
αk,l,q ≺ 1
k2(l+q)+4
, k →∞ , l + q = const. , (90)
αk,l,q ≺ 1
l2(q+k)+4
, l→∞ , q + k = const. , (91)
αk,l,q ≺ 1
q2(k+l)+4
, q →∞ , k + l = const. . (92)
Otherwise the corresponding series will be divergent and there will be no way to
improve the coefficients by employing the exact representative for canonical cur-
rents. The above basis gives a cyclic form of the convergence condition which shows
some interplay between sum over derivatives and the sum over spin. In more phys-
ical terms, at the amplitude level, one can argue that what in the s-channel might
appear as a non-locality in derivatives will appear in another channel as some di-
vergent sum over exchanges (c.f. Section 4). On the other hand, something that
appears local for that concerns the sum over l above may still be not admissible
with respect to the sum over k or q.
4. Locality and AdS/CFT
Bulk locality at scales below the AdS length is a key concept which plays an
important role within the holographic framework of the AdS/CFT correspon-
dence.2–5,59–62 In simple terms one deals with three length-scales: the AdS-length
L, the string-length ls and the Planck-length lp. Standard AdS/CFT identifications
can be then summarised as:(
L
lp
)4
= N ,
(
L
ls
)4
= λ , (93)
with λ = Ng2YM the ’t Hooft coupling and the identification of the string coupling
constant as gs = g
2
YM . The standard AdS/CFT lore then requires a large-N limit in
order to recover a classical bulk description. Locality at sub-AdS distances is instead
governed by the ’t Hooft coupling constant. In particular, in the limit λ→∞ one
would recover a local bulk-description. This limit requires strong coupling on the
CFT side. In the HS case one is however interested into the opposite limit λ → 0
with gYM → 0 so that gs → 0 and both the boundary and the bulk side are weakly
coupled. In this limit the string-length would satisfy ls  L and one naturally
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recovers the tensionless limit of string theory. HS theories are then conjectured to
be an effective description of the bulk side of the correspondence in this regime.18,19
However, due to the inequality ls  L one cannot expect to recover the same
local bulk description which was available in the λ → ∞ limit. We thus expect a
generalisation of standard concepts of locality to be needed in order to consistently
describe the bulk side in this regime. In this section we summarise some discussions
carried at the conformal field theory level and their possible implications for bulk
locality in the cases relevant for HS theories.
4.1. Mellin Amplitudes and Higher-Spin Theories
The Mellin representation63 for conformal field theory correlator has shown to be
very useful to study bulk-locality in the context of AdS/CFT. Indeed poles in the
Mellin amplitude are associated to bulk exchanges in a remarkable analogy with
flat space S-matrix.64–66 In this language locality is translated into the analytic
structure of Mellin amplitudes and in the corresponding singularities in analogy
with S-matrix theory.67,68
The Mellin amplitude of the O(N) vector model: In the free theory case
CFT correlators can be easily computed by Wick-product. Computing the corre-
sponding Mellin amplitude then amounts to invert the Mellin transform:63
〈O∆(x1)O∆(x2)O∆(x3)O∆(x4)〉 = N
(2pii)2
∫
dδij M˜(δij)
4∏
i<j
x
−2δij
ij , (94a)
M˜(δij) = M(δij)
4∏
i<j
Γ(δij) , (94b)
where M˜(δij) is the Mellin transform of the CFT correlator, M(δij) is what is
usually referred to as Mellin amplitude and N is some normalisation factor. Above
we introduced the Mellin variables δij playing a similar role to Mandelstam variables
in flat space. These variables satisfy:
δii = 0 ,
∑
j
δij = ∆j , (95)
with ∆j the operator dimensions. The suggestive nature of the above conditions
can become more apparent by introducing auxiliary “momenta” ki satisfying:
k2i = −∆ ,
∑
i
ki = 0 . (96)
In the 4pt case and for equal conformal dimensions one can then define analogs of
the Mandelstam variables as:
s = −(k1 + k2)2 = 2∆− 2δ12 , (97a)
t = −(k1 + k3)2 = 2∆− 2δ13 , (97b)
u = −(k1 + k4)2 = 2∆− 2δ14 , (97c)
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satisfying the standard relation s+ t+u = 4∆. In the following we apply the above
formalism to the 4pt correlator of four scalar operators O = 1√
2N
φaφa of dimension
∆ = d− 2 which is given by:
〈O∆(x1)O∆(x2)O∆(x3)O∆(x4)〉 = 1
(x212x
2
34)
∆
+
1
(x213x
2
24)
∆
+
1
(x214x
2
23)
∆
+
4
N
(
1
(x212x
2
34)
∆
2 (x213x
2
24)
∆
2
+
1
(x213x
2
24)
∆
2 (x214x
2
23)
∆
2
+
1
(x214x
2
23)
∆
2 (x212x
2
34)
∆
2
)
.
Remarkably, although the Mellin transform of a function:
fM (δ) ≡
∫ ∞
0
dxxδ−1f(x) , (98)
is ill defined when f(x) = x∆, one can easily guess the corresponding result as a
distributions by a simple inspection of (94a). It is indeed easy to show that the
following distribution:
M˜(s, t, u) ∼ δ ( s2) δ ( t2 −∆) δ (u2 −∆)
+
4
N
δ
(
s
2 − ∆2
)
δ
(
t
2 − ∆2
)
δ
(
u
2 −∆
)
+ cycl. , (99)
solves (94a) in the case of the free boson four-scalar correlator. Above we have
introduced a third delta function and integration by using s+ u+ t = 4∆ to arrive
at a manifestly cyclic expression. One can recover a more standard expression
depending upon two Mellin variables simply integrating on one among s, t, u.
Coming back to eq. (94a), let us stress that the Mellin amplitude is usually
defined as the Mellin transform of the CFT correlator up to some Γ function factors.
In the 4pt case this factor reads M(δij) = M˜(δij)
[
Γ(∆− s2 )Γ(∆− t2 )Γ(∆− u2 )
]−2
.
These account for double-trace operators poles. Due to the singular structure (99)
it is not clear to us how to treat the Γ-function factors whose arguments coincide
with those of the δ-functions.
To summarise, this discussion shows that the Mellin transform of the free O(N)
model is naturally a distribution and does not display any pole in the Mellin-
variables. Notice also that the above δ-functions are concentrated on points of
the phase space which would not be allowed in the kinematical region for the gener-
alised momenta ki. This means that effectively the Mellin amplitude above vanishes
for “physical” parameters, possibly as a consequence of the HS symmetry. Let us
also stress that the above singular nature for the Mellin transform of the CFT cor-
relator is a generic feature of CFTs with power-like dependence on the cross-ratios.
This would remain true for instance for the critical O(N) model at large N , conjec-
tured19 to be dual to Vasiliev’s equations with scalar boundary conditions ∆ = 2.
On the other hand these features do not appear in strongly coupled CFTs.
Sum over exchanges and locality: The above result for the Mellin amplitude
of the O(N) model is expected, because the boundary theory is free, but it is also
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a bit puzzling in view of the HS dualities. From a bulk perspective one can indeed
decompose the scattering process into an infinite number of HS exchanges which
individually contribute with poles to the Mellin amplitude. This follows from the
existence of non-trivial cubic couplings in the theory. The contribution of a spin-s
exchange would indeed have the following generic structure:
Mn =
∑
m
P
(n)
m (t)
s− (∆n + 2m) . (100)
The sum over m parameterises the sum over descendants of the single trace operator
exchanged and the numerators are some polynomial in the Mellin variables which
closely resemble the analogous polynomials in the Mandelstam variables appearing
at the S-matrix level.
In a theory including infinitely many HS particles the full exchange amplitude
would then involve an infinite sum over primaries of arbitrary spin:
M =
∑
n
gnMn =
∑
n,m
gn P
(n)
m (t)
s− (∆n + 2m) . (101)
The full Mellin amplitude also involves contact terms43 and the sum of those and
the exchangek should then be equal to the distribution in (99). One possibility
is to make an analogy with the case of conformal HS fields in flat space.29 The
corresponding exchanges are given in this case by Gegenbauer polynomial and the
sum over spins in the conformal HS case is indeed a distribution, which we quote29
here:
∞∑
s=0
(s+ d−32 )C
(
d−3
2 )
s (z) ∼ (−1)
d−4
(d− 4)! δ
[d−4] (z) . (102)
It is proportional to the (d− 4)-th derivative of the δ-function.
Although the analysis carried out here is incomplete, one may draw similar
conclusions for the bulk contact term as for the flat space case.57,58,69 A pseudo-
local behaviour may be expected in the regime under consideration where Lls  1.
In view of the above results and of those of Section 3.3, a better understanding of
pseudo-locality in the bulk side at the quartic-order is a key step to improve our
understanding of the HS-CFT dualities.
5. Conclusions
In this article we have studied locality in a field theory context with the aim of
extending it to a quantum-gravity framework. In particular, we have formulated
a functional class proposal to understand pseudo-local field redefinitions. Various
examples have been considered and the functional class proposal has been tested in
kFor exchanges involving external HS operators one can argue57,58 the current exchange contri-
bution not to be gauge invariant. In this case a non-vanishing contact term would be required to
get a gauge invariant amplitude.
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the string theory and in the AdS/CFT context. While the results of this article are
encouraging and an extension of the locality proposal to the quartic order has been
presented, more work is needed to achieve a better understanding of locality in the
higher-spin framework both from a bulk and a boundary perspective. Hopefully,
these investigation will shed some more light also on analogous questions in the
context of Holography.
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